Validity of Landauer's principle in the quantum regime 
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We demonstrate the validity of Landauer's erasure principle in the strong coupling quantum regime 
by treating the system-reservoir interaction in a consistent way. We show that the initial coupling 
to the reservoir modifies both energy and entropy of the system and provide explicit expressions for 
the latter in the case of a damped quantum harmonic oscillator. These contributions are related to 
the Hamiltonian of mean force and dominate in the strong damping limit. They need therefore to 
be fully taken into account in any low-temperature thermodynamic analysis of quantum systems. 
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Information erasure is necessarily a dissipative process. 
According to Landauer's principle erasure of one bit 
of information requires a minimum dissipation of heat 
of fcTln2, where T is the temperature and k the Boltz- 
mann constant. As a result, the entropy of the environ- 
ment increases by at least fcln2. The erasure principle 
establishes a fundamental relationship between informa- 
tion theory and thermodynamics. As such, it has played 
a pivotal role in the resolution of Maxwell's demon para- 
dox The Landauer principle has been shown to hold 
for classical systems in the limit of strong [l[ and weak 
[H, [i| interaction with the reservoir, as well as for weakly 
damped quantum systems However, its validity has 
recently been challenged in the strongly coupled quantum 
regime. It has been claimed that in the latter the Clau- 
sius inequality, Q < TASth, may break down 0-0], due 
to the entanglement of system and reservoir at very low 
temperatures (see Ref. [8( for a discussion of the precise 
role of entanglement). This implies that information may 
be erased, that is, entropy (Sth) decreased, while heat (Q) 
is absorbed 0, [1(3] , in clear opposition to the Landauer 
principle. This supposed violation has been reported in 
a growing number of recent books 11 -13j and reviews 
[14| . Meanwhile, several key results of quantum informa- 
tion theory have been derived with the help of the erasure 
principle. Important examples include the Holevo bound 
on accessible information (lEj] . the no-cloning theorem 
[l6| and the upper bound on the efficiency of entangle- 
ment distillation 171. A failure of Landauer's erasure 



principle deep in the quantum domain would therefore 
have far-reaching consequences. 

In this paper, we resolve this quantum conundrum and 
show, by combining analytical and numerical analysis, 
that the Landauer principle does hold in the strongly 
coupled quantum regime. The resolution lies in a consis- 
tent thermodynamic treatment of the coupling between 
system and reservoir. We therefore establish the validity 
of the erasure principle in classical and quantum physics, 
for arbitrary reservoir interaction strengths. 

One of the basic assumptions of standard thermody- 
namics is that the system-reservoir coupling is negligi- 



bly small [18] . In this limit, a damped quantum system 
asymptotically relaxes to a thermal Gibbs state [19( . By 
contrast, for any finite interaction strength, the quan- 
tum stationary state of the system deviates from the 
Gibbs form, due to the noncommutation of position and 
momentum operators [2(|. This leads to unexpected 
consequences. Starting from a microscopic model for a 
strongly damped harmonic oscillator, it has for instance 
been observed that, at zero temperature, the oscillator 
is in an excited, mixed state and not in its pure ground 
state (2ll-l23| . Moreover, it has been shown that the Clau- 
sius inequality is apparently violated at low temperatures 
during a quasistatic variation of the mass of the oscillator 

The Clausius inequality asserts that, for a system 
initially in a thermal state, the change of entropy is al- 
ways larger or equal than the amount of heat received by 
the system divided by the temperature [H| ; it is regarded 
as a general formulation of the second law of thermo- 
dynamics. In the following, we resolve this paradoxical 
situation by considering, unlike in Refs. [5l4l0l|. the com- 
bined effect of the mass variation and of the coupling to 
the reservoir. We explicitly show that the initial coupling 
modifies both energy and entropy (i.e. information con- 
tent) of the oscillator. In the limit of strong coupling, 
these contributions dominate those stemming from the 
variation of the mass. By properly taking into account 
the combined state transformation, initial reservoir cou- 
pling plus mass variation, we are able to demonstrate the 
general validity of the Clausius inequality, and hence of 
the Landauer principle, in the strongly coupled regime. 
Microscopic system-reservoir model. Following Refs. 

we base our study of the Clausius inequality in 
the quantum domain on the standard model for quantum 
dissipation j25|. The latter consists of a harmonic oscil- 
lator linearly coupled to a bath of harmonic oscillators: 
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where the Cj's are coupling constants. The Hamilto- 
nian of the system is H s = p 2 /(2M) + Mu} 2 q 2 /2 with 
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the usual notation. The reservoir is characterized by the 
Ohmic spectral density, J(v) = tt/2 J^j Cj / '{p^j^j) ~ 
uij) = rjuio + with damping coefficient rj 

and Debye cutoff frequency u>d [251 ] . System and 
bath are supposed to be initially decoupled and each 
in equilibrium at the same temperature T. The to- 
tal density operator is thus p(0) = ps{0) ® Ab(0) 
with p s (0) = exp(-pH s )/Tr s eiq>(-PHs) and p B (0) = 
cxp(— f3Hs)/TrB exp(— (3Hb); the bath Hamiltonian is 
Hb = Ei^/(2n»i) + and /3 = (fcT)" 1 . 

While the whole system equilibrates to the Gibbs state 
p = cxp(— /37J)/Trexp(— /3H), the reduced stationary 
phase space distribution of the damped oscillator is non- 
Gibbsian; it is given by a Gaussian with variances [26| . 
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The parameters \i(rj,M) are here the characteristic fre- 
quencies of the damped harmonic oscillator and ip de- 
notes the digamma function. To facilitate the following 
discussion, we have explicitly indicated the dependence 
on the coupling constant rj and on the mass M in the 
above equations. Due to the finite coupling to the reser- 
voir, the variances are squeezed, Mw 2 (q 2 ) < (p 2 )/M, 
and the stationary state is hence non-thermal. For 
an isolated quantum oscillator (rj — 0), Eqs. (2) and 
(3) reduce to their known thermodynamic expressions: 
(q 2 )(0,M) = h/(2Mu))coth(/3hu>/2) and (p 2 )(Q,M) = 
HMuj/2coth((3huj/2). 

Entropy and heat for mass variation. Suppose the os- 
cillator undergoes a quasistatic mass variation from Mq 
to Mi , as discussed in Refs. The internal energy of 

the system is defined as the stationary expectation value 
of its energy, U = (H s ) = (p 2 )/(2M) + Muj 2 (q) 2 /2. As 
a result, the oscillator exchanges an amount of heat with 
the external reservoir given by [oT-[loj]. 
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At the same time, the von Neumann entropy of the quan- 
tum oscillator changes by AS^ = S(r), Mi) -Sh, M ), 
where S = — Trps hi ps can be expressed as [oHIOl]. 
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Ti'bP is the reduced density operator of the 
v(r],M) = (q 2 )(p 2 )/ti the phase 
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FIG. 1: (Color online) Temperature dependence of the quan- 
tities A (M) = Q (M) - kTAS (M) (blue solid) for the mass 
variation alone and A = Q — kTAS (red dashed) for the 
combined transformation mass variation plus initial coupling. 
The Clausius inequality is obeyed in the latter, while it ap- 
pears violated in the former. A comparison between the 
exact (red dashed) and the low-temperature approximation 
(red solid), Eq. 1)140 . of A is shown in the inset. Parameters 
are uj = 1.2, M = 1.1, Mi = 1.11, 17 = 40a;, oj d = 25ry and 

n = k = 1. 



space volume. The temperature dependence of A^ M ) = 
Qi M ) — kTAS( M *> is shown in Fig. Q] (the thermodynamic 
entropy is given by Sth = kS). We observe that A( M ) 
is positive at very low temperatures, in apparent viola- 
tion of the Clausius inequality which would require that 
A< M > < when AM = Mi - M > 0. This result should 
not surprise, as Clausius' inequality assumes that the sys- 
tem is initially in a thermal state [l8j |. which is not the 
case in the strongly coupled regime. 

Analytic expressions for Q^ M \ AS^ and A^ M ) can 
be derived close to zero temperature. A lowest order 
expansion of the variances (2) and (3) in the limits ljd 
ri/M^>u;, yields [MEl], 
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With the help of the above expressions, we obtain, 
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where we have defined the dimensionless parameters, 
a = (3Hu>/2, bi = r}/(MiU>) and Cj = MiCJo/v- I n the 
low temperature, strong coupling regime, Q( M ) is always 
positive, that is, heat is absorbed by the system, while 
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information can be erased, AS'( M ' < 0. By further com 
bining Eqs. © and @, we arrive at, 
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This quantity is positive when bo > &i(3> 1) and a»l 
Entropy and heat for coupling to the reservoir. We turn 
to the evaluation of entropy and heat resulting from the 
initial coupling of the isolated oscillator to the reservoir. 
In contrast to the previous case, the initial state of the 
system is now thermal. When the coupling coefficient is 
quasistatically increased from to 77, the internal energy 
changes by AU {C) = U(r),M ) - U(0,M ). The corre- 
sponding heat can then be determined via the first law, 
Q( c ) = A[/( c ) - W^l We note that for a quasistatic 
transformation, the work required to couple the oscilla- 
tor to the reservoir is given by the free energy difference 
= AF^ = F(r],M ) - F(0,M ) [H- The latter 
can be evaluated using the general form of the free energy 
of a quantum damped oscillator [2^, (2|| , 
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where T denotes the Euler Gamma function. In the ab- 
sence of coupling, X] = 0, Eq. (fTTj) reduces to F(0, M ) = 
l//31n[2 smh(f3haj/2)]. In the low temperature, strongly 
damped limit, we find that < 0, indicating that 

heat is dissipated into the environment: 
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The approximate, low temperature entropy change, 
AS^ = S(r),M ) - 5(0, M ), can be computed in a 
similar way as before and reads, 
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It is wortk noticing tkat, contrary to tke case of tke mass 
variation, Eq. ©, tke entropy ckange induced by tke 
coupling to tke reservoir is kere positive, AS^ > 0. 

Clausius inequality. We next consider tke combined 
state transformation tkat consists of tke initial coupling 
to the reservoir followed by the variation of the mass. 
We accordingly define the total entropy change AS = 
AS {M) +AS {C 1 and the total heat exchanged Q = + 
Q< c >. We again introduce a quantity A = Q — kTAS 
which, using Eqs. (JSJ), © and (|T2"j) . (fT3"|) . we can write as, 

(14) 
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FIG. 2: (Color online) Entropy and heat during the initial 
coupling to the reservoir, AS (C) (red dashed), Q {c) (red 
solid), and during a mass variation, A5" (A/) (blue dashed), 
Q (M) (blue solid), as a function of temperature. Changes for 
the initial coupling have opposite signs and much larger am- 
plitudes than those for the mass variation. Parameters are 
the same as in Fig. [T] 



In the limit of large a, b and c, this expression is al- 
ways negative (see also Fig. [IJ). Thus, no violation of the 
Clausius inequality occurs in tke low temperature, strong 
coupling regime, in agreement with standard thermody- 
namics. A better understanding of the apparent violation 
found in Rcfs. can be obtained by comparing the 

change of entropy and heat during the two state trans- 
formations (see Fig. [5]). The low-temperature mass vari- 
ation is characterized by a negative entropy change and 
a positive heat, AS {M) < 0, Q (M) > 0, which together 
lead to the breakdown of the Clausius inequality. On the 
other hand, the situation is exactly opposite for the ini- 
tial reservoir coupling wkere AS^ > and Q^ c ~> < 0. 
Figure [5] skows tkat in tke limit of strong coupling, tke 
latter contributions are muck larger tkan tkose coming 
from tke mass variation. Tkey can tkerefore not be ne- 
glected as done so far in Rcfs. 

Deeper insigkt into tke foregoing discussion can be 
gained by using tke concept of Hamiltonian of mean force 
[28l | . We express tke reduced density operator of tke sys- 
tem in tke form ps = exp[— f3(Hg — F)], wkere 
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is tke quantum Hamiltonian of mean force and F = 
— In Trs cxp(— /3Hg) tke free energy of tke system. 
Tke quantity AHs = Hg — Hs vanishes for vanish- 
ing reservoir coupling and tkus quantifies tke deviation 
from a tkermal state; it is simply related to tke initial 
tkermodynamic ckange of tke system. We first note 
tkat tke von Neumann entropy of tke system is given 
by S = /3(U - F + (AH S )). Tke keat exekanged witk 
tke reservoir during tke initial coupling is then = 
kTAS^ - (AH S ) or, in other words, A^ = -(AH S ). 
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We therefore find that A = A (M) - (AH S ). This re- 
sult, valid for any quantum dissipative system, shows 
that the difference between the combined state trans- 
formation and the mass variation alone is just the differ- 
ence between the Hamiltonian of mean force and the bare 
Hamiltonian of the system. It is worth stressing that for 
the quantum harmonic oscillator, (AHs) is a function of 
the variances (2) and (3) of the reduced stationary state 
and can therefore be determined experimentally. 

The following physical picture thus emerges from our 
analysis: In the limit of vanishing system-reservoir cou- 
pling, the stationary state of the system is thermal and 
the thermodynamic cost of the coupling to the reser- 
voir is negligible, A = A' M '. In the opposite limit 
of strong coupling, the stationary state becomes non- 
thermal, but the thermodynamic contributions of the ini- 
tial coupling are important and hence need to be fully 
included, A = A< M ) - (AHs). In both cases, as we 
have just proved, the ordinary Clausius inequality A < 
holds. We mention that an effective Clausius inequality 
has lately been derived by introducing an effective mass 
and spring constant for the oscillator, and an effective 
temperature, which differs from that of the reservoir p7j ; 
this approach also neglects the initial reservoir coupling. 

Landauer's principle. Let us finally derive the Lan- 
dauer bound from the quantum Clausius inequality. We 
consider an isolated system with two stable states that 
are used to encode one bit of information (for instance 
a symmetric double- well potential with high energy bar- 
rier). The system is initially in equilibrium at tempera- 
ture T and the two states are occupied with equal prob- 
ability. We reset the memory by first coupling it to 
the reservoir and then modulating the potential in or- 
der to bring the system with probability one into one 
of its states 0. The von Neumann entropy of the sys- 
tem is hence In 2 before the coupling to the reservoir 
and zero after complete erasure. From the Clausius in- 
equality, we then find that the dissipated heat obeys 
Qdis = ~Q > -kTAS = fcTln2. This is Landauer's 
erasure principle. 

Conclusion. Our findings emphasize the crucial role of 
system-reservoir interactions in the thermodynamic de- 
scription of quantum systems; a low temperature inves- 
tigation can therefore only be consistent if they are fully 
taken into account. We have derived detailed expres- 
sions for the change of entropy and heat induced by the 
coupling to the reservoir. We have further shown that 
their relative contributions grow with increasing interac- 
tion strength and even dominate in the strong coupling 
limit, thus safeguarding the validity of Clausius' inequal- 
ity. Contrary to previous claims that quantum correla- 
tions undermine Landauer's erasure principle, we have 
here demonstrated that the principle does hold when the 
generation of these correlations is properly included. Ad- 



ditionally, our results provide a theoretical framework for 
the thermodynamic characterization of system-reservoir 
correlations in quantum information theory [29j . 
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